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Aerodynamic Stability of a Coasting Vehicle Rapidly
Ascending through the Atmosphere

GEORGE W. STONE*
Sandia Corporation, Albuquerque, N. Mex.

This paper presents an analysis of the aerodynamic stability of a coasting vehicle exiting
the atmosphere at high speeds. With the assumption of linear theory and constant aero-
dynamic coefficients, an approximate solution and an exact solution to the equations of mo-
tion are obtained. Attention is focused upon the approximate solution since the exact
solution involves confluent hypergeometric functions with complex coefficients that are not
readily tractable. The approximate solution is compared with six-degree-of-freedom com-
puter results.
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Nomenclature

= parameter in confluent hypergeometric function
= reference area, ft2

= constant of integration
= constant of integration
= parameter in confluent hypergeometric function
= drag coefficient
= static moment coefficient slope, 1/rad

Cua = damping moment coefficient, 1/rad
— Magnus moment coefficient, 1/rad2
= normal force coefficient slope, 1/rad
= damping parameter = (A/2m)[CNa — 2Cz> —

kr\CMq + CMa)]
= envelope of motion, rad or deg
= gyroscopic parameter = (p/V)(Ix/Iy)
= altitude, ft
= (-1)1/2

= moment of inertia, slug-ft2

= roll moment of inertia, slug-ft2

= transverse moment of inertia, slug-ft2

= transverse moment of inertia, slug-ft2

= density gradient parameter = (3 sin 7
= nondimensional axial radius of gyration '= (Ix/

m /2)l/2

= nondimensional transverse radius of gyration =

constant of integration
reference length, ft
mass, slugs
static moment parameter = AlC Ma/21
roll rate, rad/sec
distance traveled, ft
Magnus moment parameter = (A/2m)(CNa

CD + ka-*CMpa)
velocity, fps
angle of attack, rad
exponent in density-altitude function
angle of yaw, rad
flight path angle, deg
error of WKB method
phase-shift function
complex angle of yaw
density, slugs /ft3

phase angle or argument
confluent hypergeometric function
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Introduction

THE problem of vehicle stability has long plagued the
aerodynamicist and, as the performance of aerodynamic

vehicles has increased, many new stability problems have
received attention. One such problem is the effect of a
gradient in dynamic pressure on the oscillatory motion of a
vehicle during ascending or descending flight. Although a
particular problem of this type is solved readily on a com-
puter, considerable time and many different computer solu-
tions generally are required to determine fully the effects
that various parameters have on the problem. An analyti-
cal solution to the equations of motion, even an approximate
solution, would be a great help in reducing the amount of
computer time necessary for such a problem and also would
be an aid in extracting aerodynamic force and moment co-
efficients from the experimental flight characteristics of an
ascending or descending vehicle.

In Ref. 1, Friedrich and Dore obtain a Bessel's function
solution to the linearized equations of motion for a non-
spinning re-entry vehicle and develop an approximate solu-
tion for the envelope of the oscillatory motion. A Bessel's
function solution for the motion of a nonspinning re-entry
vehicle is developed also by Alien.2 Tobak and Alien3 ex-
tend the Bessel's function solution to the motion of a non-
spinning, lifting vehicle which is performing a skip-re-entry
maneuver.

Leon4 obtains a Bessel's function solution for the motion
of a spinning re-entry vehicle, but he excludes the effects of
aerodynamic damping and Magnus forces and moments.
Garber uses a modified WKB technique in Ref. 5 to obtain
an approximate solution to the linearized equations of
motion, including aerodynamic damping, for the spinning
re-entry vehicle. White and Steinmetz6 use the WKB
method to study the effect of variable aerodynamic coeffi-
cients on the linearized motion of a nonspinning vehicle.
Murphy7 uses a quasi-linear technique to study the nonlinear
motion of a spinning vehicle, and he includes the Magnus
force and moment. The purpose of this paper is to present
a unified linear analysis of the motion of an ascending or
descending vehicle.

Analysis

This paper will forego a formal development of the equa-
tions of motion and will be concerned only with the equations
for the lateral oscillatory motion. The justification for sep-
arating the oscillatory motion from the translational and
quasi-static angular motion is presented in several of the



SEPTEMBER 1966 AERODYNAMIC STABILITY OF A COASTING VEHICLE 1561

references, e.g., Ref. 1. Excellent developments of the
linearized oscillatory equations are presented by Murphy8 and
Nicolaides.9 The equations of motion developed by Murphy
will be used here.

From Ref. 8, the linearized equation for the oscillatory
lateral motion referred to a nonrolling (aeroballistic) axis
system is

#1
dS2

• P. (A dl _ j
V U dS \

where

y - ) X

^~ ) \ ( ^ = 0 (1)

where

= /? + ia. = complex angle of yaw

and S is distance travelled from some reference point. The
assumptions that have been incorporated in Eq. (1) are: 1)
small amplitude motion, sin 6 « tan 6-6, cos 6 « 1; 2)
inertial symmetry, Iy = Iz = I; 3) negligible gravity; 4)
nonrotating earth; 5) constant mass and moments of inertia;
6) negligible products of aerodynamic coefficients; and 7)
negligible distance or time derivatives of aerodynamic co-
efficients.

It is assumed now that the aerodynamic characteristics of
the vehicle are linear with the amplitude of the motion and
that the Mach number is large. Under these conditions, the
aerodynamic coefficients or derivatives can be considered as
constants. Considering the coefficients as constants should
yield reasonably accurate results with the possible exception
of the Magnus moment coefficient, which will be discussed
later.

If canted fins are used to induce spin, the roll rate is, in
many instances, approximately proportional to the velocity.
For the purpose of this analysis, it will be assumed that

p/V = const (2)

These two assumptions allow Eq. (1) to be written as

(cfi/US2) + (pD - i G)(d£/dS) - o(M + i G T)f - 0 (3)
where

D = (A/2m)[(CNa - 2CD - kr*(CMq + CMa)} = const

and

G = (p/V)(Ix/I) = const

M = (AlC Ma/M) = const
T = (A/2m)(CNa - CD + ka~*CMpa) = const

P = p(8)

(4a)

(4b)

(4c)

(4d)

(4e)

The variation of density with altitude can be approximated
by the relation

p = pQe-?h (5)

where h is altitude in feet above some reference point and
po and /5 are constant.

It is assumed now that the average flight path can be ap-
proximated by a straight line or, at least, straight line seg-
ments so that

h = S sin7 (6)

where 7 = const, is the average flight-path angle with
respect to the local horizontal. Combining Eqs, (5) and (6)

' sin 7 = k = const (8)

Solution by Assuming an Oscillatory Form

For a first attempt at solving Eq. (3), an oscillatory solu-
tion is assumed in the form

where E(S) is the amplitude or envelope of the motion and
4>(S) is the phase angle or argument. Differentiating Eq.
(9) and substituting into Eq. (3) yields

dS dS ' dS* '

(pD - iG)( ^7, + iE^] - p(M + iGT)E = 0 (10)\ak ab/

Separating Eq. (10) into real and imaginary parts gives

= 0 (11)

and

dEd<f> dE

Although Eqs. (11) and (12) are nonlinear and extremely
difficult to solve in general, an exact result can be obtained
from Eq. (12) for a nonrolling body.

For zero spin, G = 0, Eq. (12) reduces to

2(dE/dS)(d<l>/dS)
which can be written as

dS

Equation (14) can be integrated to give

= 0 (13)

= Ke^k (15)
Equation (14) is exact within the assumptions of the basic
equations of motion and is an interesting relation between the
amplitude and frequency of the motion. As a nonrolling
body ascends, the moments acting on the body approach zero
because of the decreasing air density (neglecting those mo-
ments due to gravity gradients, etc.) and, physically, the
frequency of the motion also must approach zero. In the
limit, as a nonrolling body progresses to a total vacuum, Eq.
(15) predicts that the body will tumble, which agrees with
physical observations. Without further assumptions, Eq.
(15) does not yield any quantitative information about the
motion; but it does give an exact criterion for the form of
any approximate solution to the equations of motion for a
nonrolling body.

Confluent Hypergeometric Solution

Returning to Eq. (3) for the general problem of a spinning-
body, a new independent variable x is defined as

(16)

(17)

Equation (17) is a confluent hypergeometric equation and
for G 7* 0, has the solution

x = pD/k =

Equation (3) now reduces to the form

p = pQe~kS (7) x) + (a - c + 1, 2 - c; x) (18)
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Fig. 1 A comparison of the approximate frequency equa-
tion with six-degree-of-freedom computer computations

for a typical sounding rocket.

where BQ and J5i are arbitrary constants and
a = (M + iGT)/kD

and

c = 1 + i(G/k)

(19)

(20)

The function $(m, n; y) is the confluent hypergeometric
series

...

An examination of Eqs. (19-21) shows that the exact
solution, represented by Eq. (18), is an infinite series with
complex coefficients. For that reason, the exact solution in
terms of the confluent hypergeometric functions is not
tractable.

If the vehicle is not rolling, G = 0, the coefficients of the
differential equation are real, and a stability criterion can be
determined for all oscillatory solutions to Eq. (17). How-
ever, for a nonrolling body (G = 0, c = 1), the two solutions
in Eq. (18) are not independent and another solution must
be determined. Because the independent solutions for the
nonrolling body already have been developed by Friedrich
and Dore1 and Alien,2 only the stability criterion will be con-
sidered here.

From Ref. 10, if a, c, and x are real, the envelope of any
oscillatory solution to Eq. (17) increases with increasing x if
a > 0 and x < c — J, or if a < 0 and x > c — |; the envelope
decreases with increasing x if a > 0 and x > c — |, or if a <
0 and x < c — f . It should be noted that increasing alti-
tude is increasing x if the vehicle is dynamically unstable, D
< 0, and increasing altitude is decreasing x if the body is
dynamically stable, D > 0.

The critical point in the oscillatory motion of any non-
rolling, ascending vehicle is given by XCT = pCTD/k = \, or

pcr = k/2D = ft sin7/2D (22)

Table 1 Summary of stability criteria for a nonrolling
body exiting the atmosphere0

Static stability Dynamic stability
parameter parameter Amplitude character

M <0

M > 0

M < 0
M >0

D >0

D <0
D <0

Convergent for p > pcr
Divergent for p < pcr
Convergent for p < pcr
Divergent for p > pcr
Divergent for all altitudes
Convergent for all altitudes

and the critical altitude can be determined from a density-
altitude relation.

The previous stability criterion is summarized in Table I
for the various combinations of vehicle parameters. It must
be emphasized that this stability criterion is applicable only
to oscillatory solutions to Eq. (17) and that particular combina-
tions of vehicle parameters may exclude any possibility of
oscillatory motion.11

Approximate Solution

Equation (3) can be reduced to its normal form by the
transformation

| = U exp [- || (pD - iG)dS] = U expj [pD/fc + iGS]j
(23)

Substitution of Eq. (23) into Eq. (3) gives

(dzU/dSz) + U {(G2/4) + p [kD - M - iGT + i (GD/2)] -
\ p2/)2} = 0 (24)

Application of the WKB method12 to Eq. (24) yields the ap-
proximate solution

U « w-1/2 exp(-ifudS) (25)

- p [kD - M - iGT + i (GD/2)] - ip2/)2}
where

(26)

and the arbitrary constants of the solution have been set
equal to 1. Equation (25) is actually the solution to the
differential equation

(d*U/dS*) + ^2(1 - 5)17 = 0 (27)
where

d = 3(du/dS)*/(4:U*) - (d*u/dS*)/(2u*) (28)
Equation (28) represents the error associated with the WKB
method. The method should give reasonable engineering
accuracy when /d/ < 0.1. Substitution of Eq. (25) into
Eq. (23) yields

exp{l/2[(pD/AQ + iGS] - ifudS} (29)

It should be noted that Eqs. (26) and (29) represent two
independent solutions to the equations of motion. For a
nonrolling body, Eq. (29) reduces to

if[p(kD - M) - I pt
" \P(kD - M ) - i pW]1/4

If the vehicle characteristics are such that

p(kD - M) - Jp2D2 > 0

(30)

(31)
then Eq. (30) represents two oscillatory solutions of the
form assumed in Eq. (9) with

E(S) = exp (pD/2k)
[P(kD - M) - ip2!)2]1

and
= ±f[p(kD - M) -

(32)

(33)

Formation of the function E2(d(j)/dS) from Eqs. (32) and (33)
yields

xx

lp(kp _ M) _
a Applicable only for oscillatory motion. [p(kD - M) -

. p
"~ P k ' '
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A comparison of Eqs. (15) and (34) shows that the approxi-
mate solution is completely compatible with the exact result
•ofEq. (15).

Differentiation of Eq. (32) yields

dE
dS X

(M[pD - (fe/2)] + (WD/2) -
\ \P(kD - M) - ip2 (35)

Setting Eq. (35) equal to zero and avoiding the singular
point, p = 0, yields the critical value of the density from the
equation

SIX DEGREE OF FREEDOM COMPUTER RESULTS
APPROXIMATE SOLUTION .

Evacuum ,-^v^

- (fc/2)] + (/c2Z)/2) - = 0 (36)
200 300

ALTITUDE-THOUSANDS OF FEET

Because \k\ < 0.454 X 10~4 and p < 1 X 10"4, the last three
terms in Eq. (36) are generally negligible and Eq. (36) ap-
proximates the exact result of Eq. (22).

Returning to the approximate solution for a rolling body,
Eqs. (26) and (29) can be combined to give

Fig. 2 A comparison of the approximate amplitude solu-
tion with six-degree-of-freedom computer computations

for a typical sounding rocket.

exp{|[(pD/fc) + iGS] i/[(£2/4) + p(kD - M - iGT + iGD/2) - jp
_ M _ iGT +

/2 dS}
(37)

If the vehicle characteristics are such that the complex spin
term, G[T - (D/2)], is negligible and (G2/4) + p(kD -
M) - Jp2I>2 > 0, then Eq. (37) reduces directly to the form

), where

E(S)
exp(pD/2/c)

and

(GS/2) ±

p(kD - M) - ip

P(kD - M) -

(38)

(39)

It should be noted that Eq. (38) represents the amplitude of
each component of the total solution and, in general, does
not represent the total amplitude of the motion. Differ-
entiating Eq. (38) gives

dE p . r~ i v/SF = -z (exP^r ) x

- (kM/2) - f/c
[(G2/4) + p(/cD - M) - ip2£>2F4 /

(40)

Setting Eq. (40) equal to zero gives the nontrivial critical
point from the equation

- pcrM] - (kM/2) - f/c

+ ipcr
2Z)3 = 0 (41)

In general, the critical value of the density from Eq. (41)
will not be significantly different from the critical density from
Eq. (22) for a nonrolling vehicle. Differentiating Eq. (39)
gives

= (0/2)
p(kD - M) - ip (42)

which is the frequency of the particular mode of motion, de-
pending upon the positive or negative sign. Equation (38)
can be nondimensionalized by forming the amplitude ratio

E exp(pD/2/c)
[4p(/cD - - (p2D2/G2)}1/4 (43)

Equations (42) and (43) are compared with six-degrees-of-
freedom computer computations in Figs. 1 and 2, respectively,

for the typical sounding rocket vehicle described in Fig. 3.
The accuracy of the approximate solution is good.

Magnus Moment Coefficient

It was stated at the beginning of this analysis that the
aerodynamic coefficients would be assumed constant, with
the possible exception of the Magnus moment coefficient.
The implicit exact solution for a nonrolling body, Eq. (15),
requires only that the damping parameter D be a constant.
The exact solution for a rolling body, Eq. (18), requires that
all of the aerodynamic coefficients be constant. The ap-
proximate solution is valid for variable aerodynamic co-
efficients so long as the coefficients are slowly varying (deriva-
tives of coefficients are negligible) and independent of the
angle of attack (linear aerodynamic characteristics).

Since this analysis is concerned with high-speed flight, it
seems reasonable to assume that the coefficients are inde-
pendent of Mach number. In spite of this assumption, the
Magnus moment still poses a somewhat interesting dilemma
for the problem of ascending or descending flight. For a
vehicle entering or leaving the atmosphere at high speeds,
the unit Reynolds number varies over a range from zero to
several million per foot. With this wide variation of Reyn-
olds number, the use of a constant Magnus moment coefficient
in a stability analysis of a spinning vehicle in ascending or
descending flight is not very realistic.

Unfortunately, the admission of a variable Magnus moment
coefficient, dependent upon Reynolds number, complicates

(ALL DIMENSIONS ARE IN INCHES)

PERFORMANCE: (AS SECOND STAGE WITH M5E1 NIKE BOOSTER)
QUADRANT ELEVATION OF 84"
GROSS PAYLOAD WEIGHT OF 125 LBS
BURNOUT ALTITUDE = 72,000 FT. M.S.L.
BURNOUT MACH NO. - 8.35
APOGEE ALTITUDE - 1,051,000 FT. M.S.L
IMPACT RANGE - 98 N.M.

AERODYNAMIC CHARACTERISTICS:

D = 46.722 x 10"' = 22,000

Fig. 3 Typical sounding rocket configuration (Nitehawk
9-in. second stage).
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the problem because the quantitative nature of this variation
is unknown generally. Platou13 illustrates several of the
causes and complexities of the Magnus moment and gives
some methods of estimating its magnitude.

The approximate solution for the general motion is, from
Eqs. (26) and (29),

or

where

Let

exp]|[(pD/fe) + iGS] - ifuds]
\u}1'2

_ M - iGT

u = v + iw

(44)

(45)

(46)

Substituting Eq. (46) into Eq. (45) and separating the real
and imaginary parts gives

(47)

and

2vw = -Gp[T - (D/2)] (48)

Solving Eq. (48) for v and substituting into Eq. (47) gives

- w2 = (G2/4) -
pM + kpD - i p2D2 (49)

Because p « 1 and \k\ « 1, the last two terms in Eq. (49) are
generally negligible. Under this condition, Eq. (49) reduces
to

(GV/4w2) [T - (D/2)]2 - (G2/4) - pM (50)

The gyroscopic term (r2/4 is retained in the right side of
Eq. (50) because it has a very significant effect on the motion
of a body exiting the atmosphere.

Equation (50) is a quadratic equation in w2 and can be
solved to give

w2 _ _ / _ _ n
(51)

For a statically stable vehicle, M < 0, the positive sign in
Eq. (51) is selected because w2 must be positive. Thus,

- (D/2)]2 1/2%

(52)

If

< 1[(GY4) - pM]2

Eq. (52) can be expanded using the binomial theorem to give

|[(G2/4) - PM]{ -1 + 1 + \z -
i»2 4- _1
8* ' 16

Equation (53) can be written as

4[(G2/4) -

If z « 1, Eq. (54) reduces to

4[(G2/4) -

(53)

(54)

(55)

PG[T -
2[(G2/4) - pM]1/2

Substitution of Eq. (56) into Eq. (48) yields

v » =F[(G2/4) - pM]1/2

(56)

(57)

The approximate solution for the general motion can be
written as

JGS] - if(v + iw)dS}
———————

or

(v

exp(-i'0/2) exp{[(p£>/2/c) - fwdS] +
i[(GS/2) -fvdS}}

where

and

[v2 + w2]1/4

0 = tan-1 (w/v)

2[(G2/4) -

(58)

(59)

(60)

(61)

(62)

From Eqs. (59) and (62) the predominant effect of the
Magnus moment is in the damping of the motion as it is in
the constant density problem. The effect of the Magnus
moment on the frequency has been suppressed through the
approximation from Eq. (54) to Eq. (55), i.e.,

- (Z)/2)]2

« 1 (63)

This approximation can be written as

p2G2[r - (D/2)]2
 = 4

[(G2/4) ~~

which can be taken as

-« 1 (64)

(65)

Equation (64) says, essentially, that the ratio of the Magnus
moment to the static moment must be small for the approxi-
mation to be valid. An interesting contribution of the Mag-
nus moment in the variable density problem is a phase
shift of the motion through the term exp — id/2 in Eq.
(59). A phase shift of the motion has been observed
in experimental attitude data from tests of a two-stage sound-
ing rocket, but it has not been identified positively as a
Magnus moment effect. To emphasize the two independent
solutions represented by Eqs. (59, 61, and 62), the ap-
proximate solution is written finally asf

| - {exp[(PD/2*) - i6/2]}/[v* + w2]1/4 X
(KQ Qxp{fwds + i[(GS/2) + fvdS}} +

Ki exp{ -fwdS + i[(GS/2) - fvdS}}) (66)
where

v « +[(G2/4) - (67)

f The positive value has been selected for v and w, and the
equation has been expanded to allow for this selection.
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PG[T - (D/2)]
2[(G2/4) -

and
0 = taxL-l(-w/v)

(68)

(69)
It is interesting to note several characteristics of Eq. (66).

First, as a statically stable rolling body ascends, the fre-
quencies of both modes of motion decrease, with the nuta-
tional (Ko) frequency approaching its vacuum value of G
and the precessional (K\) frequency approaching its vacuum
value of zero. If the Magnus moment term w is negligible,
then both modes of motion will grow or damp at the same
rate. In general, the complex plane plot of Eq. (66) for a
typical body will start as an ellipse, precessing about £ = 0
and will degenerate to a circle with its center located off of
the £ origin. The center of this degenerate circular motion
is the precessional arm that has stopped rotating.

When the Magnus moment terms are retained in Eq. (66),
the two modes of motion no longer grow or damp at the same
rate. The Magnus moment term tends to stabilize one
mode of motion and destabilize the other mode while not
affecting the frequencies of the modes. If the Magnus
moment term is not large enough to change the damping-
trends of the motion, the complex plane representation of
Eq. (66) would be similar to that mentioned previously.
If, however, the Magnus moment term is capable of com-
pletely damping the precessional mode of motion, the com-
plex plane plot will degenerate to a circle centered at the
£ origin. If the Magnus moment term is capable of com-
pletely damping the nutational mode of motion, the complex
plane plot degenerates to a point located off of the £ origin,
i.e., the tip of the precessional vector which has stopped rotat-
ing.

Conclusions

An analysis of the linearized differential equation for the
complex yaw angle has yielded the following solutions for the
motion of a coasting vehicle ascending through an expon-
ential atmosphere at high speeds:

1) Nonrolling body, exact solution: If £ = E(S) expi<£($),
then E2(d(j)/dS) = K exp(pD/A;); 2) rolling body, exact
solution:

; x) + Blxl~c^(a - c + 1, 2 - c; x)
where the <£'s are confluent, hypergeometric functions, and
a and c are complex numbers; 3) rolling body, approxi-
mate solution:
- exp[(PP/2A;)-tfl/2]
> f~~' r o c o n / n ^^[v'2 + w2]1

[ f wdS + i + ;•
l exp[~~

The exact solutions are restricted to the assumption of con-
stant aerodynamic coefficients, whereas the approximate
solution is applicable for variable aerodynamic coefficients.
Although the ascending mode of the trajectory has been
emphasized in this report, the solutions can be extended
readily to the descending mode whenever the angular mis-
alignment of the vehicle from its trajectory is small.

From these solutions for the motion of an ascending ve-
hicle, there exists a critical value of density or altitude at
which the damping characteristics of the motion change
sign, regardless of the stability characteristics of the vehicle.
In some instances, this critical value of the density may be
trivial or physically impossible, e.g., p < 0, etc.

The approximate solution for a rolling body with zero
Magnus moment contribution has been compared with six-
degrees-of-freedom computer computations. The agree-
ment was good. It is felt that the approximate solution
will give good engineering accuracy in a great many applica-
tions and that it represents an excellent analytical tool for
studying the effects of various aerodynamic forces and
moments on the motion.
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